Introduction
One of the seminal solutions of twentieth century solid mechanics is the Eshelby ellipsoidal inclusion [1] with transformation strain, which has the constant constrained strain property in the interior domain (Eshelby property); it allows for the solution of expanding inhomogeneities with transformation strain through the Eshelby tensor [1, 2] by the application of Eshelby's equivalent inclusion method [1, 2] . The applications have been widespread throughout material science with extensive application to micro-and macro-mechanics including quantum dots [3, 4] . The dynamic generalization of the Eshelby inclusion is the dynamically self-similarly expanding inclusion from the zero dimension (subsonically) with eigenstrain spatially and temporally constant in the interior domain of the expanding inclusion. It constitutes the evolution of the phase change singularity (discontinuity in the strain). In Ni & Markenscoff [5] , the solution was obtained by the Radon transform, in which it was explicitly shown that it exhibits the Eshelby property of constant strain (and stress) in the interior domain of the expanding inclusion, and that the particle velocity is zero in the interior domain (lacuna), a property pointed out by Burridge & Willis [6] . This was also argued by Markenscoff [7] from dimensional analysis and analytic arguments alone. As shown by Ni & Markenscoff [8] , for self-similar expanding motion, the governing system of partial differential equations (in the variables z = x/t) becomes elliptic in the region |z| < b (where b is the shear wave speed), and for subsonic expanding motion the inclusion lies within this region of ellipticity. The solution for the displacement gradient leads to the dynamic Eshelby tensor, which is exhibited here, and, which, in turn, allows for the solution of a dynamically expanding ellipsoidal inhomogeneity where the material undergoes chemical reaction and phase change (i.e. as in [9, 10] ).
The dynamic Eshelby tensors obtained by Mikata & Nemat-Nasser [11] and Michelitsch et al. [12] deal with time-dependent eigenstrain in an ellipsoidal inclusion fixed in space. This is a different physical problem and is unrelated to the one of the self-similarly expanding inclusion treated here. In our opinion, though, the name 'Eshelby tensor' may be naturally given when the constant stress Eshelby property holds, and in dynamics this is the case here for the self-similarly expanding ellipsoidal inclusion.
In this work, the system of partial differential equations governing the self-similarly expanding ellipsoidal inclusion is solved by adapting the method of Burridge & Willis [6] for an elliptic crack, which is based on the introduction of the operator M = ∂ 2 /∂t 2 − (1/s 2 r )∂ 2 /∂x 2 r and further reducing (by the Duhamel principle) the inhomogeneous system of partial differential equations to a homogeneous one with an inhomogeneous initial condition. On the basis of the solution, the dynamic Eshelby tensor for the self-similarly expanding ellipsoid is obtained in integral form. The static Eshelby solution for the ellipsoid is shown to be obtained by a limiting procedure as the axes' velocities tend to zero (holding the aspect ratios fixed) and the time tends to infinity, while their product is equal to the length of the static axis. Thus, the static Eshelby ellipsoidal inclusion has its dynamic generalization in the self-similarly expanding one with the same constant interior stress Eshelby property, and with the static solution obtained from it by a limiting procedure.
The applications of dynamically expanding inclusions with transformation strain may include phenomena such as inducement of martensitic transformations and chemical phase transition under dynamically applied loading [13] . Yang et al. [13] used the static Eshelby tensor in their modelling, but the above-mentioned fields with inertia are more appropriate. Expanding regions of transformation strain have application to geophysics and seismology, where the transformation strain concept is the fundamental basis for the concept of seismic moment, in particular for the modelling of deep earthquakes [14, 15] . The driving force on the expanding phase ellipsoidal boundary can be obtained from the solution for the expanding ellipsoid, as it was obtained by Markenscoff & Ni [16, 17] for a spherical expanding inclusion. It constitutes the mechanical rate of energy (per unit area) required for this motion, and would be provided by some other source of energy (i.e. thermal and chemical). The importance of the self-similar motion lies in the fact that it grasps the early response of the system [18] .
The field solutions
We consider an ellipsoidal Eshelby inclusion (with transformation strain spatially and temporally uniform) centred at the origin of a Cartesian coordinate system (x 1 , x 2 , x 3 ), with zero dimension at time t = 0 and expanding in a self-similar manner in an infinite linear elastic medium. At time t, the inclusion occupies the ellipsoid {x = (x 1 
where
and
with the initial conditions 5) and the radiation condition of all fields vanishing at infinity. By using the Radon transform, Ni & Markenscoff [5] obtained the solution of the governing equation (2.2). Here we will give an alternative way to obtain the solution. As discussed by Burridge & Willis [6] , the self-similarly expanding ellipsoidal phase change is analogous to the self-similarly expanding elliptic crack. We follow and adapt the method of Burridge & Willis [6] to obtain the field solution for the three-dimensional problem of the self-similarly expanding ellipsoidal inclusion. Define the operator M as
We will prove that the operator M has the following property:
We define y = (s 1 x 1 , s 2 x 2 , s 3 x 3 ) and y = |y|, and we have for t > 0
From equations (2.8) and (2.9), it follows that
where we have used the relation xδ (x) = −δ(x), (2.11) so that we have
Recall that the fundamental solution for the wave equation in the three-dimensional space R 3 is the function E(y, t) for y ∈ R 3 given as (e.g. [19, 20] )
Hence, from equations (2.12)-(2.14), we have
which proves equation (2.7). By applying the operator M 2 to both sides of equation (2.2) and using equation (2.7), we have
which by Duhamel's principle is reduced to the homogeneous equation
with
The right-hand side of the above equation is expanded in plane wave functions [21] according to
where ξ is a dimensionless vector and Ω is the unit sphere, so that
where, according to (2.4), K j (ξ ) = C jklm * lm ξ k . The problem (2.17) with (2.18) and (2.21) then reduces to solving the matrix A for each plane wave component separately, which satisfies
Then, in terms of A, the solution u of (2.17), (2.18) and (2.21) is expressed as As in Burridge & Willis [6] , analogously to [22] , A is obtained as the contour integral
where f is an analytic function of the complex variable γ in a neighbourhood of the real axis and Γ is a contour lying in the domain of regularity of f (γ t + ξ · x) and encircling all the poles of L −1 and M −2 for subsonic motion. We note that γ has the dimension of velocity and the function f (γ t + ξ · x) has the dimension of length. By Cauchy's theorem, the contour integral in equation (2.26) is evaluated as the sum of the residues at the poles of L −1 and M −2 , which are all real. In fact, in an isotropic medium,
, (2.27) where
with a = (λ + 2μ)/ρ and b = √ μ/ρ being the elastic compression and shear wave speeds, respectively. Hence, from equations (2.27)-(2.29), for |ξ | = 1, we have
and the poles of L −1 are γ = ±a, ±b.
For the operator M, defined in equation (2.6), we have
which has the double poles γ = ±p ξ with p ξ ≡ (ξ 2 k /s 2 k ) 1/2 . Because all the poles are real, only the value of f (γ t + x · ξ ) on the real axis contributes to the contour integral in equation (2.26). As a boundary value on the real axis of an analytic function, we can choose the homogeneous function of order 1 [6] ,
because, for a self-similarly expanding inclusion, the displacement is a homogeneous function of order 1. From equations (2.26) and (2.32), we have the contour integral
which consists of A L γ =±a and A L γ =±b , the contributions of the residues at the poles γ = ±a, ±b of L −1 , and A M γ =±p ξ , the contributions of the residues at the double poles γ = ±p ξ of M −2 . With the aid of equations (2.27)-(2.29), we have the evaluation of
and, similarly, we have 
To simplify the evaluation of (A M γ =p ξ ) lj , we note the following identities:
and, from equation (2.30), for |ξ | = 1, in the isotropic medium, we have
Moreover, we have ∂ ∂γ 
Similarly, we have 
where we have used the relation
Expression (2.46) for the displacement is consistent with Burridge & Willis [6] for a twodimensional elliptical self-similarly expanding crack and is identical to the result in [5] for the three-dimensional self-similarly expanding ellipsoidal inclusion. Therefore, it follows that the initial conditions (2.5) and the radiation condition of all fields vanishing at infinity are satisfied as shown in [5] . As seen from (2.46), the solution for the displacement blows up as the expansion speed of any axis of the inclusion approaches the shear wave speed b. Furthermore, the expression of the displacement gradient for the self-similarly subsonically expanding ellipsoidal inclusion in an isotropic medium is given in the form
and, from (2.4),
The solution for the displacement gradient (2.48) leads to the Eshelby property of constant strain (and stress) in the interior domain of the subsonically expanding inclusion, and the property that the particle velocity is zero in the interior domain (lacuna), as pointed out by Burridge 
The dynamic Eshelby tensor
From (2.48), the displacement gradient in the interior domain {x | s 2 r x 2 r ≤ t 2 } for the self-similarly subsonically expanding ellipsoidal inclusion is independent of x and t, and is written as
which, by using equation (2.50), is reduced to
We extend the definition of the Eshelby tensor [1] to elasto-dynamics, and define the dynamic Eshelby tensor S mlns by relating the total strain ml = where the dynamic Eshelby tensor S mlns is constant (independent of x and t) in the interior domain of the self-similarly expanding ellipsoidal inclusion, as proven by Ni & Markenscoff [5] and as is apparent from the solution in equation (3.2). Then, from equations (3.2) and (3.3), the expression of the dynamic Eshelby tensor follows for the self-similarly expanding ellipsoidal inclusion
From expression (3.4) the symmetry property follows for the interior dynamic Eshelby tensor
We always assume that the tensor components, which are identical due to the symmetry property (3.5), are considered as the same distinct one. Because the integral domain in equation (3.4) is the whole-unit sphere |ξ | = 1, due to symmetry, there are only 12 non-zero components of the interior dynamic Eshelby tensor 
with the other non-zero components of the interior dynamic Eshelby tensor obtained by cyclic permutation of the indices (1, 2, 3) in equations (3.6)-(3.9).
The static Eshelby inclusion as the limit of the dynamically self-similarly expanding ellipsoidal inclusion
We show that, by applying a limiting procedure, the classic solution of the displacement gradient of the static ellipsoidal Eshelby inclusion [1] is obtained from the solution of the displacement gradient for the self-similarly subsonically expanding ellipsoidal inclusion given above. Here, we only focus on the case when the field point is in the interior domain. We define the 'static limit' as the limit obtained by the procedure
where a k are set to be finite constants, and are equal to the semi-axes of the corresponding static ellipsoidal inclusion defined by
Noting (2.49), we have
and, by the limiting procedure (4.1), 
and (S 1212 ) Limit = 1 4π
where we define
dS, for α = β; (4.12)
here and below, α, β = 1, 2, 3, and the repeated Greek indices α and β are not summed.
To evaluate the integrals (4.10)-(4.12), it is convenient to apply the transformation of the variables indicated in Mura [23, ch. 3] : where η = (η 1 , η 2 , η 3 ) is a unit normal on the unit sphere, and the corresponding change of the surface element is given as
By using the transformation of variables (4.13)-(4.15) in the calculation of the integrals (4.10)-(4.12), we will prove the following identities:
where I α , I αα and I αβ = I βα are the Eshelby elliptic integrals [1,2]
18)
and To prove the identities (4.16) and (4.17), we use the transformation of the variables (4.13), and equations (4.14), and (4.15) in the integral M α , and obtain
Expressing η 0 in terms of η, from (4.13), it follows that 22) and further substituting equation (4.22) into the unit vector ξ : |ξ | = 1 gives
Consequently, with (4.23), equation (4.21) reduces to 
The right-hand side of the last equation can be written as the derivative of a 2 α I α with respect to a α , i.e.
Because I α has the evaluation (4.18), we calculate the derivative in equation (4.27) as follows:
(4.28)
Combining equations (4.27) and (4.28), we have By using the identities (4.16) and (4.17), from equations (4.6)-(4.9), we obtain the static limits of the components of the dynamic Eshelby tensor in the interior domain 
Recall that the displacement gradient for the static ellipsoidal inclusion given in [1] (also see [23] ) is written as ∂u β ∂x α Static = * jk
dS, (4.36) where the function g βjk is defined by and we have proved that the expression of the static limit of the displacement gradient for the selfsimilarly expanding ellipsoidal inclusion is identical to the one for the static ellipsoidal inclusion [1] . In Ni & Markenscoff [24] , the general solution (2.48) was applied to the spherical inclusion, and the static Eshelby tensor was also obtained as the static limit of the dynamic one by this limiting procedure, for both the interior and exterior domains.
Conclusion
The Eshelby inclusion problem is shown to be the static limit of the self-similarly dynamically expanding ellipsoidal inclusion (subsonically), which is its dynamic generalization, exhibiting the same property of constant constrained strain (and stress) in the interior domain of the expanding inclusion with constant transformation strain. The field solution was obtained by adapting the method of Burridge & Willis [6] for an expanding elliptic crack to a three-dimensional expanding ellipsoidal inclusion. The dynamic Eshelby tensor for the ellipsoid, obtained from the field solution, is shown here in integral form. It allows for the analytic solution (by the Eshelby equivalent inclusion method) of expanding inhomogeneities (i.e. regions undergoing chemical reactions with phase changes). The self-similar solution grasps the early response of the system [18] , and applications include dynamic phase transformation under dynamic loading and the modelling of deep earthquake sources [9, 10, 14, 15] .
